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In [M. Walter et al., Science 340, 1205, 7 June (2013)], they gave a sufficient condition for genuinely
entangled pure states and discussed SLOCC classification via polytopes and the eigenvalues of the
single-particle states. In this paper, for 4n qubits, we show the invariance of algebraic multiplicities
(AMs) and geometric multiplicities (GMs) of eigenvalues and the invariance of sizes of Jordan
blocks (JBs) of the coefficient matrices under SLOCC. We explore properties of spectra, eigenvectors,
generalized eigenvectors, standard Jordan normal forms (SJNFs), and Jordan chains of the coefficient
matrices. The properties and invariance permit a reduction of SLOCC classification of 4n qubits to
integer partitions (in number theory) of the number 22n − k and the AMs.
I. INTRODUCTION
As the subtle properties of entangled states are
applied in quantum information and computation,
many efforts have contributed to understanding the
different ways of entanglement [1]. Clearly, local
quantum operations cannot change the non-local
properties of a state. The entanglement for two and
three qubits are well known. However, it is hard to
classify multipartite entanglement for four or more
qubits. To reach the purpose, SLOCC equivalence of
the entanglement of two states of a multipartite sys-
tem was proposed and formulated [2, 3]. It is known
that two states in the same SLOCC equivalence class
can do the same tasks of quantum information the-
ory, although with different success probabilities [3–
5].
Du¨r et al. classified three qubits into six SLOCC
classes including the classes GHZ and W, and indi-
cated that there are an infinite number of SLOCC
classes for four or more qubits. In the pioneering
work [4], Verstraete et al. classified the infinite num-
ber of SLOCC classes of four qubits into nine fami-
lies under determinant one SLOCC by using a gen-
eralization of the singular value decomposition to
complex orthogonal matrices. After then, SLOCC
classification of four qubits were studied deeply [6–
16].
For SLOCC classification of n qubits, the previ-
ous articles proposed different SLOCC invariants:
for example, the concurrence and 3-tangle [17]; lo-
cal ranks for three qubits [3]; polynomial invariants
[6, 7, 13, 18–27] of which the invariant polynomi-
als of degrees 2 for even n qubits [22], 4 for n ≥ 4
(odd and even) qubits [22, 27], and 6 for even n ≥ 4
qubits [25]; the diversity degree and the degeneracy
configuration of a symmetric state [28]; ranks of coef-
ficient matrices [29–33]; the entanglement polytopes
[34]. Recently, spectra and SJNFs of the 4 by 4 ma-
trices were used to investigate SLOCC classification
of pure states of n qubits [35].
In this paper, we show the invariance of algebraic
and geometric multiplicities of eigenvalues and sizes
of JBs under SLOCC for 4n qubits. We investi-
gate properties of spectra, eigenvectors, generalized
eigenvectors, SJNFs, and Jordan chains of matrices
Φ22n+1 . Via integer partitions, the properties, and
the invariance, we classify pure states of 4n qubits,
specially four qubits, under SLOCC.
This paper is organized as follows. In Section 2,
we show the invariance of algebraic and geometric
multiplicities of eigenvalues and sizes of JBs under
SLOCC for 4n qubits. In Section 3, via integer par-
titions, we classify spectra of Φ22n+1 and pure states
of 4n qubits. In Section 4, via integer partitions,
we classify SJNFs of Φ22n+1 and pure states of 4n
qubits.
II. INVARIANT AMS, GMS, AND SIZES OF
JBS UNDER SLOCC
Let |ψ〉 = ∑24n−1i=0 ai|i〉 be any pure state of 4n
qubits, where ai are coefficients. It is well known
that two 4n-qubit pure states |ψ〉 and |ψ′〉 are
SLOCC equivalent if and if there is an invertible
local operator A1 ⊗ · · · ⊗ A4n such that
|ψ′〉 = A1 ⊗A2 ⊗ · · · ⊗ A4n|ψ〉, (1)
where Ai ∈ CL(C, 2) [3].
Let Cq1q2···q2n(|ψ〉) be the coefficient matrix of the
state |ψ〉 of 4n qubits, i.e. entries of the matrix are
the coefficients of the state |ψ〉, where q1, q2, · · · ,
and q2n are chosen as row bits while q2n+1, q2n+2,
· · · , and q4n are chosen as column bits. Clearly,
Cq1q2···q2n is a 2
2n by 22n matrix.
2It is known that for any two SLOCC equivalent
pure states |ψ〉 and |ψ′〉 of 4n qubits, the matrices
Cq1q2···q2n satisfy the following equation [29][30][33],
Cq1q2···q2n(|ψ′〉) = ∆1Cq1q2···q2n(|ψ〉)∆2, (2)
where ∆1 = (Aq1 ⊗ Aq2 ⊗ · · · ⊗ Aq2n) and ∆2 =
(Aq2n+1⊗· · ·⊗Aq4n)t. Note that At is the transpose
of A.
Let
T =
1√
2
 1 0 0 10 i i 00 −1 1 0
i 0 0 −i
 (3)
and
U = T⊗n. (4)
It is easy to see that T and U are unitary. We make a
conjugation of Cq1q2···q2n(|ψ〉) by the unitary matrix
U in Eq. (4) as follows. Let
Γ22n(|ψ′〉) = UCq1q2···q2n(|ψ′〉)U+ (5)
and
Γ22n(|ψ〉) = UCq1q2···q2n(|ψ〉)U+. (6)
Let Q1 = U∆1U
+ and Q2 = U∆2U
+. From Eq.
(2), we obtain
Γ22n(|ψ′〉) = Q1Γ22n(|ψ〉)Q2. (7)
Clearly, Γ22n(|ψ′〉) is not similar to Γ22n(|ψ〉).
Let us consider the matrix
Φ22n+1(|ψ〉) =
(
Γ22n(|ψ〉)
[Γ22n(|ψ〉)]t
)
. (8)
Via Eq. (7), a calculation derives
Φ22n+1(|ψ′〉) = OΦ22n+1(|ψ〉)Ot, (9)
where
O =
(
Q1
Qt2
)
. (10)
Clearly,
OtO =
(
Qt1Q1
Q2Q
t
2
)
=
(
gI22n
hI22n
)
,
(11)
where g = Π2ni=1 detAqi and h = Π
2n
i=1 detAq2n+i
from Eqs. (A9, A11) in Appendix A.
Note that neither Qi nor O is orthogonal except
that Ai ∈ SL(C, 2). Therefore, SLOCC cannot
guarantee that Φ22n+1(|ψ′〉) and Φ22n+1(|ψ〉) are sim-
ilar. Anyway, from Eqs. (9, 11) we obtain
Φ22n+1(|ψ′〉) = OΘO−1, (12)
where
Θ = Φ22n+1(|ψ〉)
(
gI22n
hI22n
)
. (13)
In general, a square complex matrix M is similar
to a block diagonal matrix
J =

Ji1(λ1)
Ji2(λ2)
. . .
Jim(λm)
 , (14)
where
Jil(λl) =

λl 1
λl
. . .
. . . 1
λl
 (15)
is a standard Jordan block with the eigenvalue λl,
where il is the size of the block. Usually, J is writ-
ten as the direct sum J = Ji1(λ1) ⊕ Ji2(λ2) ⊕ · · · ⊕
Jim(λm) of the Jordan blocks Ji1(λ1), Ji2 (λ2), · · · ,
and Jim(λm). In this paper, we write the direct sum
as J = Ji1(λ1)Ji2(λ2) · · · Jim(λm) by omitting “⊕”.
We call J = Ji1(λ1)Ji2(λ2) · · · Jim(λm) the SJNF of
the matrix M .
In this paper, we define that two
SJNFs Ji1(β1)Ji2(β2) · · · Jik(βk) and
Ji1(ηβ1)Ji2 (ηβ2) · · · Jik(ηβk), where βi are eigen-
values and η 6= 0, are proportional. For example,
the SJNFs J1(1)J2(1)J3(2) and J1(3)J2(3)J3(6) are
proportional.
Though we cannot guarantee that Φ22n+1(|ψ′〉)
and Φ22n+1(|ψ〉) are similar, we can next show that
their spectra and SJNFs are proportional.
From Eq. (13), we have the following result.
Lemma 1. Spectra and SJNFs of Θ and
Φ22n+1(|ψ〉) are proportional.
Note that Θ =
(
hΓ22n(|ψ〉)
g[Γ22n(|ψ〉)]t
)
.
The argument for Lemma 1 is put in Appendix C.
Equation (12) implies that Φ22n+1(|ψ′〉) and Θ are
similar. Thus, Eq. (12) and Lemma 1 lead to the
following theorem.
3Theorem 1. If the states |ψ〉 and |ψ′〉 of 4n qubits
are SLOCC equivalent, then spectra and SJNFs of
Φ22n+1(|ψ′〉) and Φ22n+1(|ψ〉) are proportional, re-
spectively.
Restated in the contrapositive the theorem reads:
If spectra or SJNFs of two matrices Φ22n+1 associ-
ated with two 4n-qubit pure states are not propor-
tional, then the two states are SLOCC inequivalent.
For example, for four qubits, let |Υ〉 =∑
i,j,k,l∈{0,1} |ijkl〉−|0000〉−|1111〉. In light of The-
orem 1, one can test that |Υ〉 is inequivalent to the
states GHZ, W, Cluster, or the Dicke state |2, 4〉 un-
der SLOCC.
From Theorem 1, we conclude the following corol-
lary.
Corollary 1. (Invariant AMs and GMs of eigen-
values and sizes of JBs) If two states of 4n qubits are
SLOCC equivalent, then eigenvalues of their matri-
ces Φ22n+1 have the same AMs and GMs and their
matrices Φ22n+1 have the same sizes of JBs.
The following is our argument. In light of Theo-
rem 1 and Appendix C, proportional spectra imply
the invariance of AMs of eigenvalues and propor-
tional SJNFs imply the invariance of GMs of eigen-
values and sizes of JBs.
III. CLASSIFICATION OF SPECTRA OF
MATRICES Φ22n+1 AND PURE STATES OF 4n
QUBITS VIA INTEGER PARTITIONS OF
THE NUMBER 22n − k
In this paper, ℓ in λ⊚ℓ indicates the AM of the
eigenvalue λ and let P (i) be the number of integer
partitions of i.
A. For 4n qubits via integer partitions
By means of the properties in Appendix B, spectra
of Φ22n+1 are of the following form:
{0⊚2k, (±λ1)⊚ℓ1 , (±λ2)⊚ℓ2 , · · · , (±λs)⊚ℓs}, (16)
where λi 6= 0, λi 6= λj when i 6= j, 0 ≤ k ≤ 22n, and
all the AMs satisfy the equation 2(ℓ1 + ℓ2 + · · · +
ℓs) + 2k = 2
2n+1, i.e. ℓ1 + ℓ2 + · · ·+ ℓs = 22n − k.
For four qubits, we obtain 12 different types of
spectra of Φ8 without considering permutations of
qubits in Table I. In Table I, SP is short for a spec-
trum.
Because the eigenvalues ±λi have the same AM
ℓi, for the sake of simplicity and without loss of gen-
erality, we ignore ± in Eq. (16) when calculating
AMs.
TABLE I. 12 types of spectra of Φ8 for four qubits
SP1 SP2
{(±λ1)
⊚4} {(±λ1), (±λ2)
⊚3}
SP3 SP4
{(±λ1), (±λ2), (±λ3)
⊚2} {(±λ1)
⊚2, (±λ2)
⊚2}
SP5 SP6
{(±λ1), (±λ2), (±λ3), (±λ4)} {0
⊚2, (±λ1)
⊚3}
SP7 SP8
{0⊚2, (±λ1), (±λ2)
⊚2} {0⊚2, (±λ1), (±λ2), (±λ3)}
SP9 SP10
{0⊚4, (±λ1)
⊚2} {0⊚4, (±λ1), (±λ2)}
SP11 SP12
{0⊚6, (±λ1)} {0
⊚8}
1. A set of AMs is invariant under SLOCC and just
an integer partition of the number 22n − k
Let Ξ be a set of AMs of eigenvalues in Eq. (16).
Then,
Ξ = (2k; ℓ1, ℓ2, · · · , ℓs), (17)
where 2k is the AM of the zero-eigenvalue while ℓ1,
ℓ2, · · · , and ℓs are the AMs of the different non-zero
eigenvalues. It is clear that (ℓ1, ℓ2, · · · , ℓs) is just an
integer partition of the number 22n − k, i.e.
ℓ1 + ℓ2 + · · ·+ ℓs = 22n − k. (18)
In light of Corollary 1, Ξ is invariant under SLOCC.
2. Classification via integer partitions of the number
22n − k
a. Spectra are partitioned into different types
Next, we use Ξ to label spectra ignoring values of
eigenvalues. For example, we write (0; 1, 1, 2) to
label the spectrum {λ1, λ2, λ3⊚2} of a matrix Φ8,
where (1, 1, 2) is an integer partition of 4.
We define that spectra of matrices Φ22n+1 belong
to the same type if the spectra have the same AMs,
i.e. the same Ξ ignoring values of the eigenval-
ues. Thus, for spectra of the same type, the sets
of AMs of non-zero eigenvalues are the same parti-
tion (ℓ1, ℓ2, · · · , ℓs) of 22n − k for the same k. For
four qubits, ref. the first column of Table III.
b. Pure states are partitioned into different
groupes By letting pure states of 4n qubits with
the same type of spectra of Φ22n+1 belong to the
same group, then each group can be characterized
with a set Ξ of AMs. Thus, SLOCC classification of
44n qubits is reduced to calculating integer partitions
of the number 22n−k for each k, where 0 ≤ k ≤ 22n.
One can know that for each partition
(ℓ1, ℓ2, · · · , ℓs) of 22n − k, (2k; ℓ1, ℓ2, · · · , ℓs) is
just a set of AMs of eigenvalues in Eq. (16).
Different partitions of 22n − k correspond to differ-
ent types of spectra and different groups of pure
states. In light of Corollary 1, two pure states of
4n qubits belonging to different groups are SLOCC
inequivalent.
For the fixed k, from Eq. (18) there are P (22n−k)
different partitions of 22n−k. For all k, a calculation
yields
∑22n
i=0 P (i) different partitions. From this, we
can conclude the following theorem.
Theorem 2. Via partitions of 22n−k, the matrices
Φ22n+1 have
∑22n
i=0 P (i) different types of spectra and
pure states of 4n qubits are classified into
∑22n
i=0 P (i)
different groups under SLOCC.
B. Classification of four qubits via integer
partitions of 4− k
We first calculate partitions of 4 − k, where 0 ≤
k ≤ 4. For example, for k = 1, 3 (= 4 − 1) can be
partitioned in the three distinct ways: 3, 1 + 2, and
1 + 1 + 1. Then, from the three partitions we ob-
tain three sets of AMs: (2;3), (2;1,2), and (2;1,1,1).
For all k, there are 12 integer partitions. So, there
are 12 types of spectra of Φ8 and 12 groups of pure
states without considering permutations of qubits.
Ref. the first column of Table III.
C. Detect genuinely entangled states of 4n
qubits via the invariant Ξ
For four qubits, 3 of 12 groups in the first column
of Table III include product states and we label the
3 groups with ⊳. Thus, other 9 groups are genuinely
entangled, i.e. each state of the 9 groups is genuinely
entangled. For example, it is easy to check that |Υ〉
is genuinely entangled. Note that when calculating
the invariant Ξ for product states, we use the coef-
ficient matrix C12(|ψ〉).
For 4n qubits, if the spectrum of the matrix
Φ22n+1(|ψ〉) does not belong to the types which in-
clude spectra of the matrices Φ22n+1 for product
states, then the state |ψ〉 is a genuinely entangled
state.
IV. CLASSIFICATION OF SJNFS OF
MATRICES Φ22n+1 AND PURE STATES OF 4n
QUBITS VIA INTEGER PARTITIONS OF
AMS
In this paper, we write the direct sum
Jm(λ) ⊕ · · · ⊕ Jm(λ)︸ ︷︷ ︸
j
as Jm(λ)
⊕j and the JB J1(a)
as a.
A. The relation between the set of sizes of JBs
with the zero-eigenvalue and the integer
partition of the AM of the zero-eigenvalue
Let P ∗(2k) be the number of different SJNFs with
the spectrum 0⊚2k by Properties 1, 3, and 5 in Ap-
pendix B, where P ∗(0) = 1. To calculate P ∗(2k),
we give the following definition.
Definition. If m is partitioned into an even num-
ber of parts and in the partition if a part is an even
number then the number of its occurrences is also
even, then the partition is called a tri-even partition
of m. For example, the partition 2 + 2 + 3 + 1 = 8
is a tri-even partition of 8 because 8 is partitioned
into four parts and “2” occurs twice.
One can check that in light of Properties 1, 3, and
5 in Appendix B, the set of sizes of JBs with the
zero-eigenvalue must be a tri-even partition of 2k
for the spectrum 0⊚2k. Conversely, the JBs with the
zero-eigenvalue, of which the set of sizes is a tri-even
partition of 2k for the spectrum 0⊚2k, must satisfy
Properties 1, 3, and 5 in Appendix B.
For the spectrum 0⊚2
2n+1
, we do not consider the
integer partition (1, · · · , 1︸ ︷︷ ︸
22n+1
) of 22n+1 which implies
that the corresponding SJNF is the zero matrix, then
Φ22n+1 = 0, and then all the coefficients of the cor-
responding state vanish.
Let 2˜k be a set of all the tri-even partition of
2k, where 0˜ = φ, which is the empty set. Then,
P ∗(2k) = |2˜k| when k 6= 0. A simple calculation
yields that P ∗(2) = 1, P ∗(4) = 3, P ∗(6) = 5, and
P ∗(8) = 10.
B. Classification for 4n qubits via integer
partitions of AMs
By means of the properties in Appendix B, SJNFs
of Φ22n+1 with the spectrum in Eq. (16) are of the
5following form:
Jτ1(0) · · · Jτ2m(0)Jα1(±λ1) · · ·Jαl1 (±λ1)
Jβ1(±λ2) · · · Jβl2 (±λ2) · · · Jγ1(±λs) · · · Jγls (±λs).
(19)
For four qubits, there are 43 different SJNFs of
Φ8 in Table II without considering permutations of
qubits. Note that in Table II, λi are the eigenvalues
of Φ8, where λi 6= 0 and λi 6= λj when i 6= j.
Note that Table II does not include the SJNFs:
±λ1J2(0)J4(0), J2(0)J6(0) or 00J2(0)J4(0). This is
because these SJNFs do not satisfy Property 5.1 in
Appendix B.
Note that each pair of JBs like Jα1(±λ1) in Eq.
(19) have the same size. For the sake of simplicity
and without loss of generality, we ignore ± in JBs in
Eq. (19) when calculating sizes of JBs. For example,
for the SJNF J2(±λ1)J2(±λ2) of Φ8, we only con-
sider the sizes of the JBs J2(λ1) and J2(λ2) ignoring
the sizes of the JBs J2(−λ1) and J2(−λ2).
1. A collection of sets of sizes of JBs with different
eigenvalues is invariant under SLOCC and just a list of
partitions of AMs
In Eq. (19), let τ be a set of sizes of JBs
with the zero-eigenvalue and π1 (resp. π2,· · · ,
πs) be a set of sizes of JBs with the eigenvalue
λ1 (resp. λ2,· · · ,λs). From Eq. (19), clearly
τ = (τ1, · · · , τ2m), π1 = (α1, · · · , αl1), π2 =
(β1, · · · , βl2),· · · , πs = (γ1, · · · , γls). Let
ϑ = {τ ;π1, π2, · · · , πs}. (20)
In light of Corollary 1, ϑ is invariant under SLOCC.
Clearly, each SJNF can be described by the ϑ.
For example, for the SJNF J2(λ1)J2(λ2), τ = φ and
ϑ = {φ; (2), (2)}. For the SJNF J2(λ1)λ2λ2, ϑ =
{φ; (2), (1, 1)}. We call ϑ the label of the SJNF.
From the above discussion, τ is just a tri-even
partition of 2k (here 2k is the AM of the zero-
eigenvalue), and π1 (resp. π2 · · · , πs) is just a par-
tition of ℓ1 (resp. ℓ2,· · · , ℓs) which is the AM of
the eigenvalue λ1 (resp. λ2,· · · , λs). In this paper,
let l stand for a set of all the integer partitions of l.
For example, 2 = {(2), (1, 1)} and 3 = {(3), (2, 1),
(1, 1, 1)}. Thus, τ ∈ 2˜k , πi ∈ ℓi, i = 1,· · · , s.
Clearly, ϑ is also a list of partitions of AMs, and
thus each SJNF corresponds to a list of partitions of
AMs ignoring values of eigenvalues.
TABLE II. 43 different types of SJNFs of Φ8 for four
qubits corresponding to the spectra SP1−SP12 in Table
I
SP SJNF SJNF
SP1 J4(±λ1) J2(±λ1)J2(±λ1)
J3(±λ1)± λ1 (±λ1)
⊕2J2(±λ1)
(±λ1)
⊕4 ‡
1
SP2 ±λ1J3(±λ2) ±λ1 ± λ2J2(±λ2)
±λ1(±λ2)
⊕3
SP3 ±λ1 ± λ2J2(±λ3) ±λ1 ± λ2(±λ3)
⊕2
SP4 (±λ1)
⊕2(±λ2)
⊕2 (±λ1)
⊕2J2(±λ2)
J2(±λ1)J2(±λ2)
SP5 ±λ1 ± λ2 ± λ3 ± λ4
SP6 00J3(±λ1) 00J2(±λ1)± λ1
00(±λ1)
⊕3
SP7 00± λ1J2(±λ2) 00± λ1J1(±λ2)
⊕2
SP8 00± λ1 ± λ2 ± λ3
SP9 J2(0)
⊕2J2(±λ1) J2(0)
⊕2(±λ1)
⊕2
J3(0)0J2(±λ1) J3(0)0(±λ1)
⊕2
0⊕4J2(±λ1) 0
⊕4 ± λ1 ± λ1
SP10 J2(0)
⊕2 ± λ1 ± λ2 J3(0)0± λ1 ± λ2
0⊕4 ± λ1 ± λ2
SP11 0J5(0)± λ1 J3(0)
⊕2 ± λ1
J3(0)0
⊕3 ± λ1 J2(0)
⊕200± λ1
0⊕6 ± λ1 ‡2
SP12 J7(0)0 J5(0)J3(0)
J4(0)
⊕2
J2(0)
⊕4 ‡
3
J3(0)
⊕20⊕2 ‡
4
J2(0)
⊕2J3(0)0 ‡5 J5(0)0
⊕3
J2(0)
⊕20⊕4 ‡
6
J3(0)0
⊕5 ‡
7
‡1 includes the product states |EPR 〉13|EPR 〉24 and
|EPR 〉14| EPR 〉23.
‡2 includes the product state | EPR 〉12| EPR 〉34.
‡3 includes the product states |00〉13|EPR〉24,
|00〉14|EPR〉23, |00〉23|EPR〉14, and |00〉24|EPR〉13.
‡4 includes the product states |0〉i|GHZ〉jkl.
‡5 includes the product states |0〉i|W〉jkl.
‡6 includes the full separate state |0000〉.
‡7 includes the product states |00〉12|EPR〉34 and
|00〉34|EPR〉12.
2. Classification of SJNFs and pure states via integer
partitions of AMs
a. SJNFS are partitioned into different types
For example, for the SJNFs J2(λ1)λ2λ2 and
λ1λ1J2(λ2), one can see that one of the two SJNFs
can be obtained from the other by renaming λ1
as λ2 and λ2 as λ1 simultaneously. Here, we con-
sider that these two SJNFs possess the same type.
Note that for the SJNF J2(λ1)λ2λ2, the labels is
ϑ = {φ; (2), (1, 1)} and for the SJNF λ1λ1J2(λ2),
the label ϑ′ = {φ; (1, 1), (2)}. Here, we also consider
that ϑ = ϑ′ whenever we consider that {(2), (1, 1)} =
6{(1, 1), (2)} ignoring the order of (2) and (1, 1).
Generally, for two labels ϑ = {τ ;π1, π2, · · · , πs}
and ϑ′ = {τ ′;π′1, π′2, · · · , π′s}, we define that ϑ =
ϑ′ if and only if τ = τ ′ and {π1, π2 · · · , πs} =
{π′1, π′2, · · · , π′s} ignoring the order of π1, π2, · · · , and
πs and the order of π
′
1, π
′
2, · · · , and π′s. Then, we can
define that two SJNFs possess the same type if and
only if their labels are equal. For four qubits, we
obtain 43 types of SJNFs. Ref. the columns 2 and
3 of Table III.
b. Pure states are partitioned into different fam-
ilies By letting states with the same type of SJNFs
of Φ22n+1 belong to the same family, then each
family can be described with an invariant ϑ =
{τ ;π1, π2 · · · , πs}. Thus, SLOCC classification of 4n
qubits is reduced to calculating integer partitions of
AMs.
We next explain how to calculate all the integer
partitions of AMs. We first calculate partitions of
22n − k for each k, where 0 ≤ k ≤ 22n. Then, for
each partition (ℓ1, ℓ2, · · · , ℓs) of 22n−k, we calculate
partitions of ℓi (i = 1, · · · , s) and tri-even partitions
of 2k. Then, we obtain all the integer partitions of
AMs.
Conversely, let τ ∈ 2˜k, πi ∈ ℓi, i = 1,· · · , s. Then,
the list of partitions {τ ;π1, π2 · · · , πs} is just a col-
lection of sets of sizes of JBs of Φ22n+1 for 4n qubits.
One can see that different {τ ;π1, π2 · · · , πs} cor-
respond different types of SJNFs of Φ22n+1 and dif-
ferent families of pure states. In light of Corollary 1,
two states belonging to different families are SLOCC
inequivalent.
In Appendix D, a calculation shows that there are
η − 1 different lists of partitions of AMs, where η is
defined in Eq. (D3). Then, we can conclude the
following theorem.
Theorem 3. Via partitions of AMs, i.e. via par-
titions of ℓi (i = 1, · · · , s) and tri-even partitions of
2k in each partition (ℓ1, ℓ2, · · · , ℓs) of 22n−k, Φ22n+1
have η − 1 different types of SJNFs and then, pure
states of 4n qubits are classified into η − 1 different
families.
C. Classification of four qubits
We first calculate partitions of 4 − k for each k,
where 0 ≤ k ≤ 4. For all k, there are 12 par-
titions. Then, for each partition (ℓ1, ℓ2, · · · , ℓs) of
4−k, we calculate partitions of ℓi (i = 1, · · · , s) and
tri-even partitions of 2k. For example, let k = 0, for
the partition (2, 2) of 4, we calculate partitions of
2, then we obtain three different lists of partitions:
{φ; (1, 1), (1, 1)}, {φ; (1, 1), (2)}, and {φ; (2), (2)}. In
total, there are 43 different lists of partitions. Thus,
we obtain 43 different types of SJNFs and 43 SLOCC
inequivalent families of pure states without consid-
ering permutations of qubits. Ref. the columns 2
and 3 of Table III.
Furthermore, for each type of SJNFs, we can give
a state of four qubits for which Φ8 has the corre-
sponding types.
TABLE III. SLOCC classification of four qubits
Ξ ϑ ϑ
(0;4) ✁1 {φ;(4)} {φ;(2,2)}
{φ;(1,1,2)} {φ;(1,1,1,1)} ‡1
{φ;(3,1)}
(0; 1,3) {φ;(1),(3)} {φ;(1),(1,2)}
{φ;(1),(1,1,1)}
(0;1,1,2) {φ;(1),(1),(2)} {φ;(1),(1),(1,1)}
(0;2,2) {φ;(1,1),(1,1)} {φ;(1,1),(2)}
{φ;(2),(2)}
(0;1,1,1,1) {φ;(1),(1),(1),(1)}
(2;3) {(1,1);(3)} {(1,1);(2,1)}
{(1,1);(1,1,1)}
(2;1,2) {(1,1);(1),(2)} {(1,1);(1),(1,1)}
(2;1,1,1) {(1,1);(1),(1),(1)}
(4;2) {(2,2);(2)} {(2,2);(1,1)}
{(3,1);(2)} {(3,1);(1,1)}
{(1,1,1,1);(2)} {(1,1,1,1);(1,1)}
(4;1,1) {(2,2);(1),(1)} {(3,1);(1),(1)}
{(1,1,1,1);(1),(1)}
(6;1) ✁2 {(1,5);(1)} {(3,3);(1)}
{(2,2,1,1);(1)} {(1,1,1,1,1,1);(1)} ‡2
{(3,1,1,1);(1)}
(8; )✁3 {(7,1);} {(5,3);}
{(4,4);} {(2,2,2,2);} ‡
3
{(3,3,1,1);} ‡
4
{(2,2,3,1);} ‡
5
{(5,1,1,1);} {(2,2,1,1,1,1);} ‡
6
{(3,1,1,1,1,1);} ‡
7
φ is the empty set. (· · · ) is the set of sizes of JBs with the
zero-eigenvalue.
‡1 includes |EPR 〉13|EPR 〉24 and |EPR 〉14| EPR 〉23.
‡2 includes | EPR 〉12| EPR 〉34.
‡3 includes |00〉13|EPR〉24, |00〉14|EPR〉23, |00〉23|EPR〉14,
and |00〉24|EPR〉13. ‡4 includes |0〉i|GHZ〉jkl. ‡5 includes
|0〉i|W〉jkl. ‡6 includes |0000〉.
‡7 includes |00〉12|EPR〉34 and |00〉34|EPR〉12.
✁1 includes |EPR〉13|EPR〉24 and |EPR〉14|EPR〉23.
✁2 includes |EPR〉12|EPR〉34.
✁3 includes |0〉i|W〉jkl, |0〉i|GHZ〉jkl, |0〉i|0〉j |EPR〉kl, and
|0000〉, where |GHZ〉jkl is a 3-qubit GHZ state, |W〉jkl is
a 3-qiubit W state, and |EPR〉kl is a 2-qubit EPR state.
Note that Table III does not include the follow-
ing ϑ: {(2, 4); (1)}, {(2, 6)}; }, {(1, 1, 2, 4);}. This
is because the corresponding SJNFs do not satisfy
7Property 5.1 in Appendix B.
D. Detect genuinely entangled states of 4n
qubits via the invariant ϑ
For four qubits, 7 of 43 families in the columns
2 and 3 of Table III include product states and we
label the 7 families with ‡ in Table III. Thus, other
36 families are genuinely entangled, i.e. each state of
the 36 families is genuinely entangled. For example,
it is easy to check that |Υ〉 is genuinely entangled.
Note that when calculating the invariant ϑ for prod-
uct states we use the coefficient matrix C12(|ψ〉).
One can see that only four families L∗ab3 , La4 ,
L05⊕3 , and L07⊕1 of Verstraete et al.’s nine families
are genuinely entangled, where L∗ab3 is obtained by
replacing the last two + signs of Lab3 with − signs
[9].
For 4n qubits, if the SJNF of the matrix
Φ22n+1(|ψ〉) does not belong to the types which in-
clude SJNFs of matrices Φ22n+1 for product states,
then the state |ψ〉 is a genuinely entangled state.
V. COMPARISON TO VERSTRAETE ET
AL.’S NINE FAMILIES
Under SLOCC, pure states of four qubits were
partitioned into nine families: Gabcd, Labc2 , La2b2 ,
Lab3 , La4 , La203⊕1 , L05⊕3 , L07⊕1 , L03⊕103⊕1 [4].
Chterental and Djokovic´ pointed out an error in Ver-
straete et al.’s nine families by indicating that the
family Lab3 is SLOCC equivalent to the subfamily
Labc2(a = c) of the family Labc2 [9]. The state-
ment was corrected in [33], where it was deduced
that when a 6= 0, the family Lab3 is SLOCC equiva-
lent to the subfamily Labc2(a = c) of the family Labc2
while a = 0, Lab3 and Labc2(a = c) are SLOCC in-
equivalent. In light of Theorem 1, we can also show
that Lab3(a = 0) and Labc2(a = c = 0) are SLOCC
inequivalent because the matrices Φ8 have SJNFs
J3(0)J3(0)± b and J2(0)J2(0)± b00 for Lab3(a = 0)
and Labc2(a = c = 0), respectively.
For the completeness of Verstraete et al.’s nine
families, Chterental and Djokovic´ changed the fam-
ily Lab3 as the family L
∗
ab3
defined above. A cal-
culation yields that the states Lab3(a = b = 0),
L∗ab3(a = b = 0), and |0〉(|000〉+ |111〉), which is the
representative state of the family L03⊕103⊕1 , have the
same Jordan block structure J3(0)J3(0)00 though
the states Lab3(a = b = 0) and |0〉(|000〉 + |111〉),
and the states L∗ab3(a = b = 0) and |0〉(|000〉+ |111〉)
are SLOCC inequivalent, respectively. Note that
Lab3(a = b = 0) is SLOCC equivalent to L
∗
ab3
(a =
b = 0) [30].
Recall that a family is defined as having Jor-
dan and degenerated Jordan blocks of specific di-
mension (see the proof of Theorem 2 on page 3 of
[4]). So, via the definition of a family, the states
Lab3(a = b = 0) and |0〉(|000〉+ |111〉) should belong
to the same family, and the states L∗ab3(a = b = 0)
and |0〉(|000〉+|111〉) should belong to the same fam-
ily. Unfortunately, they are partitioned into differ-
ent families. Clearly, the definition of a family and
the representative states are not consistent and pure
states of four qubits are partitioned into the nine
families incompletely. These errors are avoided in
this paper. In this paper, the three states L∗ab3(a =
b = 0), Lab3(a = b = 0), and |0〉(|000〉 + |111〉 are
included in one family.
VI. SUMMARY
In this paper, we show that algebraic and geomet-
ric multiplicities of eigenvalues and sizes of JBs are
invariant under SLOCC. Thus, we have invariants
Ξ = (2k; ℓ1, ℓ2, · · · , ℓs) and ϑ = {τ ;π1, π2 · · · , πs},
where τ ∈ 2˜k, πi ∈ ℓi ( i = 1, · · · , s), 2k is the AM
of the zero-eigenvalue, ℓ1, ℓ2, · · · , ℓs are the AMs of
the non-zero eigenvalues, ℓi is a set of all integer par-
titions of ℓi, and (ℓ1, ℓ2, · · · , ℓs) is just a partition of
22n − k. Note that ϑ is also a collection of sets of
sizes of JBs.
For 4n qubits, for all k there are
∑22n
i=0 P (i) dif-
ferent partitions of 22n − k. For four qubits, for all
k there are 12 partitions of 4 − k. Ref. the first
column of Table III. Thus, for 4n qubits, we obtain∑22n
i=0 P (i) different types of spectra and then clas-
sify pure states of 4n qubits into
∑22n
i=0 P (i) different
groups. Specially, pure states of four (eight) qubits
are partitioned into 12 (915) groups.
Furthermore, for each partition (ℓ1, ℓ2, · · · , ℓs) of
22n − k, by calculating partitions of ℓi and tri-even
partitions of 2k we can obtain η − 1 different lists
of partitions, then η − 1 different types of SJNFs of
Φ22n+1 and η − 1 different families of pure states of
4n qubits. Specially, for four qubits, we obtain 43
families. Ref. the columns 2 and 3, of Table III. We
show that 9 of 12 groups and 36 of 43 families are
genuinely entangled. We also show that if spectra or
SJNFs of two matrices Φ22n+1 associated with two
4n-qubit pure states are not proportional, then the
two states are SLOCC inequivalent.
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APPENDIX A A CALCULATION OF QiQ
t
i
We calculate QiQ
t
i, i = 1, 2, as follows. First we
show that
U+U∗ = υ⊗2n, (A1)
where U∗ is a complex conjugate of U . Eq. (A1)
holds from T+T ∗ = υ ⊗ υ and U+U∗ = T+T ∗ ⊗
· · · ⊗ T+T ∗. Then, a calculation yields
Q1Q
t
1 = U∆1U
+U∗∆t1U
t. (A2)
Via Eq. (A1),
Q1Q
t
1 = U∆1υ
⊗2n∆t1U
t. (A3)
Using the definitions for U and ∆1, a straightfor-
ward calculation derives
Q1Q
t
1 = U(⊗2ni=1Aqi )υ⊗2n(⊗2ni=1Atqi )U t
= [T (Aq1 ⊗Aq2)υ⊗2(Atq1 ⊗Atq2 )T t]⊗ · · · ⊗
[T (Aq2n−1 ⊗Aq2n)υ⊗2(Atq2n−1 ⊗Atq2n)T t].(A4)
Next we reduce Eq. (A4). It is easy to test
AiυAti = (detAi)υ (A5)
and
(Ai ⊗Aj)υ⊗2(Ati ⊗Atj) = (detAi)(detAj)υ⊗2.
(A6)
Thus, Eq. (A4) reduces to
Q1Q
t
1 = (Π
2n
i=1 detAqi)(Tυ
⊗2T t ⊗ · · · ⊗ Tυ⊗2T t).
(A7)
One can check that
Tυ⊗2T t = I4. (A8)
Thus,
Q1Q
t
1 = (Π
2n
i=1 detAqi)I22n . (A9)
A calculation also yields
Q1Q
t
1 = Q
t
1Q1. (A10)
Similarly,
Q2Q
t
2 = Q
t
2Q2 = (Π
2n
i=1 detAq2n+i)I22n . (A11)
APPENDIX B PROPERTIES OF THE
MATRIX M2n
Let
M2n =
(
0 m
mt 0
)
, (B1)
where m is a n by n matrix. We calculate the
characteristic polynomial of M2n below.
det(λI2n −M2n)
= det
(
λ2In −mmt
)
= det
(
λ2In −mtm
)
.(B2)
Eq. (B2) leads to the following property 1.
Property 1.
1.1. λ is an eigenvalue of M2n if and only if λ
2 is
an eigenvalue of mtm and mmt. Thus, the non-zero
eigenvalues of M2n are ±λi, i = 1, 2, ....
1.2. The AM of the zero-eigenvalue ofM2n is even.
Property 2. Let
V =
(
v′
v′′
)
, (B3)
where v′ and v′′ are n× 1 vectors. If V is an eigen-
vector of M2n corresponding to the zero-eigenvalue,
then V1 =
(
v′
0
)
(if v′ 6= 0) and V2 =
(
0
v′′
)
(if
v′′ 6= 0) are also eigenvectors of M2n corresponding
to the zero-eigenvalue. Clearly, V is a linear combi-
nation of V1 and V2, i.e. V = V1 + V2.
Proof. From that M2nV = 0, we obtain
mv′′ = 0, (B4)
mtv′ = 0. (B5)
It is easy to verify that V1 =
(
v′
0
)
(if v′ 6= 0) and
V2 =
(
0
v′′
)
(if v′′ 6= 0) are also eigenvectors ofM2n
corresponding to the zero-eigenvalue.
Property 3. The GM of the zero-eigenvalue ofM2n
is 2(n− rk(m)), where rk stands for “rank”. Thus,
there are 2(n−rk(m)) JBs corresponding to the zero-
eigenvalue of M2n.
Proof. From [38], we know that the generalized
eigenvector of rank 1 is just an eigenvector. For
M2n, let χ1 be the number of linear independent
generalized eigenvectors of rank 1 corresponding to
the zero-eigenvalue. Then, from [38]
χ1 = 2n− rk(M2n). (B6)
9It is easy to see that rk(M2n) = 2 ∗ rk(m).
Property 4. A basis of the zero-eigenspace of
M2n can be obtained via the bases of the zero-
eigenspaces of m and mt as follows. Let v′1, v
′
2, · · · ,
v′
n−rk(m) be the linearly independent eigenvectors
of mt corresponding to the zero-eigenvalue and v′′1 ,
v′′2 , · · · , v′′n−rk(R) be the linearly independent eigen-
vectors of m corresponding to the zero-eigenvalue.
Then, {
(
v′1
0
)
, · · · ,
(
v′
n−rk(m)
0
)
,
(
0
v′′1
)
, · · · ,(
0
v′′n−rk(m)
)
} is a basis of the zero-eigenspace of
M2n.
Proof. Let V in Eq. (B3) be an eigenvector of
M2n corresponding to the zero-eigenvalue. Then, by
property 2 v′′ is an eigenvector ofm corresponding to
the zero-eigenvalue if v′′ 6= 0 and v′ is an eigenvector
of mt corresponding to the zero-eigenvalue if v′ 6= 0.
Conversely, if v′ (resp. v′′) is an eigenvector of mt
(resp. m) corresponding to the zero-eigenvalue, then(
v′
0
)
(resp.
(
0
v′′
)
) is an eigenvector of M2n cor-
responding to the zero-eigenvalue. From Eqs. (B4,
B5), we know thatm andmt have n−rk(m) linearly
independent eigenvectors corresponding to the zero-
eigenvalue, respectively. Thus, Property 4 holds and
we have Property 3 again.
Property 5.1. For M2n, let χk be the number of
linear independent generalized eigenvectors of rank
k corresponding to the zero-eigenvalue [38]. Then
χ2k + χ2k+1, where k ≥ 1, must be even.
Proof. From [38],
χ2k = rk(M
(2k−1)
2n )− rk(M2k2n) (B7)
and
χ2k+1 = rk(M
2k
2n )− rk(M (2k+1)2n ), (B8)
where k ≥ 1. Then,
χ2k + χ2k+1 = rk(M
(2k−1)
2n )− rk(M (2k+1)2n ). (B9)
It is easy to check that rk(M
(2k−1)
2n ) and
rk(M
(2k+1)
2n ) both are even. Therefore χ2k + χ2k+1
is even. Specially, χ2 + χ3 is even.
Property 5.2. The number of the concurrences of
JBs corresponding to the zero-eigenvalue with odd
sizes of M2n may be even or odd.
Proof. For the JB J2k+1(0) corresponding to the
eigenvector x1, there is a Jordan chain x1, x2, · · · ,
x2k+1, where xi is a generalized eigenvector of rank i
ofM2n. Thus, the chain adds 1 to χ2j and 1 to χ2j+1
respectively, j = 1, · · · , k. Clearly, the chain does
not change the parity of χ2j + χ2j+1, j = 1, · · · , k.
Accordingly, the property holds.
Property 5.3. The number of the occurrences of
the JBs corresponding to the zero-eigenvalue with
the same even size must be even.
Proof. For the JB J2k(0) with k ≥ 1 correspond-
ing to the eigenvector y1, there is a Jordan chain y1,
y2, · · · , y2k, where yi is a generalized eigenvector of
rank i of M2n. Thus, the chain adds 1 to χ2j and
1 to χ2j+1 respectively, j = 1, · · · , k − 1. The chain
adds 1 to χ2k while 0 to χ2k+1. Thus, the chain
will change the parity of χ2k + χ2k+1. Accordingly,
J
⊗(2l+1)
2k (0) with k ≥ 1 does not satisfy Property
5.1. Whereas, J⊗2l2k (0) satisfies Property 5.1. This is
because there are 2l generalized eigenvectors of the
same rank 2k.
That χ2k + χ2k+1 is even permits that the size
of a JB with the zero-eigenvalue is odd or even. For
example, a calculation shows that for four qubits, Φ8
has the SJNFs J4(0)
⊕2, J2(0)⊕2⊕J1(0)⊕4, J2(0)⊕2⊕
J3(0) ⊕ J1(0), J2(0)⊕4 for the states La4(a = 0),
Labc2(a = b = c = 0), La203⊕1(a = 0), La2b2(a =
b = 0), respectively. See Table II. For these SJNFs,
χ2k + χ2k+1 is even. In detail, J4(0) occurs twice,
J2(0) occurs twice, twice, and for four times in the
above SJNFs.
One can know that Φ8 does not have SJNFs
±λJ2(0)J4(0), J2(0)J6(0) or 00J2(0)J4(0) because
for these SJNFs χ2 + χ3 is odd. Note that J2(0),
J4(0), and J6(0) occur once in the above different
SJNFs.
Property 6.
Let V in Eq. (B3) be an eigenvector ofM2n corre-
sponding to the non-zero eigenvalue λ. Then, v′ 6= 0
and v′′ 6= 0.
Proof. From the equation (M2n − λI2n) V = 0, we
obtain
mv′′ = λv′, (B10)
mtv′ = λv′′. (B11)
Then from Eqs. (B10, B11), it is easy to show that
v′ 6= 0 and v′′ 6= 0. In other words, the vectors of
the forms
(
v′
0
)
or
(
0
v′′
)
are not eigenvectors of
M2n corresponding to non-zero eigenvalues.
Property 7. The GMs of the non-zero eigenvalues
±λ of M2n both are n − rk( 1λmtm − λIn). Thus,
there are n− rk(mtm− λ2In) JBs corresponding to
the non-zero eigenvalues ±λ of M2n, respectively.
Proof. Let χ1(λ) (resp. χ1(−λ)) be the number of
linear independent generalized eigenvectors of rank
1 corresponding to the non-zero eigenvalue λ (resp.
−λ). One can know that χ1(λ) (resp. χ1(−λ)) is
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just the GMs of the non-zero eigenvalues λ (resp.
−λ) of M2n. Then, from [38]
χ1(λ) = 2n− rk(M2n − λI2n)
= 2n− rk
( −λIn m
mt −λIn
)
. (B12)
χ1(−λ) = 2n− rk(M2n + λI2n)
= 2n− rk
(
λIn m
mt λIn
)
. (B13)
Note also that(
In 0
1
λ
mt In
)( −λIn m
mt −λIn
)
=
( −λIn m
0 1
λ
mtm− λIn
)
(B14)
and ( −In 0
1
λ
mt −In
)(
λIn m
mt λIn
)
=
( −λIn −m
0 1
λ
mtm− λIn
)
. (B15)
From Eqs. (B12, B14), χ1(λ) = 2n − [n +
rk(mtm − λ2In)] = n − rk(mtm − λ2In). Clearly,
mtm − λ2In is a characteristic matrix of mtm in
λ2. From Eqs. (B13, B15), similarly χ1(−λ) =
n − rk(mtm − λ2In). By Property 1.1, when λ is
an eigenvalue of M2n then λ
2 is an eigenvalue of
mtm. It is well known that roots of the equation
det(mtm−λ2In) = 0 are eigenvalues of mtm. Thus,
0 ≤ rk(mtm − λ2In) < n and then 0 < χ1(λ) ≤ n.
When λ2 is not an eigenvalue of mtm, i.e. λ is not
an eigenvalue of M2n, then det(m
tm − λ2In) 6= 0,
i.e. rk(mtm− λ2In) = n. Thus, χ1(λ) = 0.
Property 8. The Jordan chain with the non-
zero eigenvalue λ corresponding to the eigenvec-
tor
(
v′1
v′′1
)
and the Jordan chain with the non-
zero eigenvalue −λ corresponding to the eigenvector( −v′1
v′′1
)
have the same size. That is, their JBs have
the same size.
Proof. Let vi =
(
v′i
v′′i
)
, i = 1, 2, · · · , r, where v′i
and v′′i are n×1 vectors, be a Jordan chain with the
non-zero eigenvalue λ corresponding to the eigen-
vector v1 =
(
v′1
v′′1
)
. By Property 6, v′1 6= 0 and
v′′1 6= 0. Then, by the definition of Jordan chain [38],
(M2n − λI2n)v1 = 0 and (M2n − λI2n)vk = vk−1,
k ≥ 2.
Let ω1 =
( −v′1
v′′1
)
, ω2 =
(
v′2
−v′′2
)
, · · · , ωl =( −v′l
v′′l
)
· · · . It is easy to check that (M2n +
λI2n)ω1 = 0 and that (M2n + λI2n)ωk = ωk−1,
k ≥ 2. Here, ω1 is an eigenvector of M2n corre-
sponding −λ. Let s be the size of the Jordan chain
with the non-zero eigenvalue −λ corresponding to
the eigenvector ω1. Clearly, s ≥ r. Conversely, sim-
ilarly, we can show that r ≥ s. Thus, s = r.
APPENDIX C PROPORTIONAL RELATIONS
We have the matrix M2n in Appendix B. In
this Appendix, we consider the matrix D2n =(
0 hm
gmt 0
)
, where m is a n by n matrix and g
and h are non-zero complex numbers.
Property (1). det(λI−D2n) = det(λ2I−ghmmt).
Let λ2 = σ. Then, we obtain det(σI − ghmmt). Let
a2 be an eigenvalue of mmt. Then, gha2 is an eigen-
value of ghmmt, ±a are eigenvalues of M2n, and
±√gha are eigenvalues of D2n. Therefore, spectra
of D2n and M2n are proportional.
Property (2.1). Let V in Eq. (B3) be an eigenvec-
tor of M2n corresponding to the eigenvalue λ 6= 0.
Then,
( √
h/gv′1
v′′1
)
is an eigenvector of D2n corre-
sponding to the eigenvalue
√
ghλ. It means that the
eigenvalue λ ofM2n and the eigenvalue
√
ghλ of D2n
possess the same geometry multiplicity. It means
that M2n and D2n have the same number of JBs
corresponding to the eigenvalues λ and
√
ghλ.
Property (2.2). Let V be an eigenvector of M2n
corresponding to the zero-eigenvalue. Then, one can
check that V is also an eigenvector of D2n corre-
sponding to the zero-eigenvalue. It means that the
zero-eigenvalue of M2n and the zero-eigenvalue of
D2n possess the same eigenspace and of course the
same geometry multiplicity. Thus, M2n and D2n
have the same number of JBs corresponding to the
zero-eigenvalue.
Property (3). Next we show that JBs of M2n and
D2n have the same size.
Suppose that for M2n, the size of a JB with
the eigenvalue λ corresponding to the eigenvector
v1 is r. Then, there exists a Jordan chain with
the eigenvalue λ corresponding to the eigenvector
v1 [38]. Let the Jordan chain be vi =
(
v′i
v′′i
)
,
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i = 1, 2, · · · , r, where v′i and v′′i are n × 1 vectors,
which satisfy (M2n − λI2n) vi = vi−1, i = 2, · · · , r
[38]. From the above Jordan chain, we construct
the following chain: z1 =
( √
h/gv′1
v′′1
)
, and zi =(
1
g(
√
gh)i−2
v′i
1
(
√
gh)i−1
v′′i
)
, i = 2, · · · , r. One can test that
z1 is an eigenvector of D2n corresponding to the
eigenvalue
√
ghλ and
(
D2n −
√
ghλI2n
)
zi = zi−1,
i = 2, · · · , r. Thus, we obtain a Jordan chain zi with
the eigenvalue
√
ghλ corresponding to the eigenvec-
tor z1 of D2n. It means that the two Jordan chains
have the same size.
APPENDIX D THE NUMBER OF
DIFFERENT LISTS OF PARTITIONS OF
AMS
We define a product of sets L and M as L ×
M = [{l,m}|l ∈ l and m ∈ M ] and we de-
fine that {l,m} is an unordered list of partitions.
Thus, {l,m} = {m, l}. By the definition, 2 × 2 =
[{(2), (2)}, {(2), (1, 1)}, {(1, 1), (1, 1)}]. Note that
{(1, 1), (2)} = {(2), (1, 1)}.
From Eq. (19), let
Γ = 2˜k × ℓ1 × ℓ2 · · · × ℓs. (D1)
From the above discussion, we consider that ℓ1 ×
ℓ2 · · · × ℓs is an unordered list of partitions. Note
that some ℓi in a set of AMs {2k; ℓ1, ℓ2, · · · , ℓs} from
Eq. (16) may occur twice or more. For example, Φ8
has the spectrum {(±λ1)⊚2, (±λ2)⊚2} and the set of
the AM is {0; 2, 2}.
First, let us compute how many different lists of
partitions there are from the product set l × · · · × l︸ ︷︷ ︸
j
.
We consider distributing j indistinguishable balls
into P (l) distinguishable boxes. Let ρ(l, j) =
(
j + P (l)− 1
j
)
. Thus, there are ρ(l, j) distribut-
ing ways without exclusion [37]. Via the probability
model, l× · · · × l︸ ︷︷ ︸
j
has ρ(l, j) different lists of parti-
tions. Specially, 2×2 has ρ(2, 2) (= 3) different lists
of partitions.
It is easy to check that 2 × 3 has P (2)P (3) = 6
different lists of partitions. When l, k, and m are
distinct from each other, l×k×m has P (l)P (k)P (m)
different lists of partitions.
Let us compute how many different lists of parti-
tions there are from the product set Γ in Eq. (D1)
for all k. For the sake of clarity, we rewrite Γ in Eq.
(D1) as follows:
Γ = 2˜k×κ1×· · ·×κi×θ × · · · × θ︸ ︷︷ ︸
j
× · · ·×ς × · · · × ς︸ ︷︷ ︸
m
,
(D2)
where κ1, · · · , κi, θ, · · · , and ς are different from
each other. From Eq. (D2), for all k we obtain
η =
22n∑
k=0
P ∗(2k)
∑
̟
P (κ1) · · ·P (κi)ρ(θ, j) · · · ρ(ς,m)
(D3)
different lists of partitions, where ̟ =
{κ1, · · · ,κi, θ, · · · , θ︸ ︷︷ ︸
j
, · · · , ς, · · · , ς︸ ︷︷ ︸
m
} is a parti-
tion of 22n−k and the second sum is evaluated over
all the partitions of 22n − k.
To compute P ∗(22n+1), from 2˜2n+1 we should re-
move the partition (1, · · · , 1︸ ︷︷ ︸
22n+1
), which means that the
SJNF of the Φ22n+1 is the zero matrix and then
Φ22n+1 is the zero matrix. Therefore, in total we
obtain η − 1 different lists of partitions of AMs in
(2k; ℓ1, ℓ2, · · · , ℓs).
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